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CavitationAbstract One of the main challenges in the design of rotating machinery is the occurrence of unde-
sirable vibration. In this paper, stability and bifurcation of the unbalance response of a rigid rotor
supported by squeeze film damper with asymmetry in centralizing spring are investigated. The
unbalanced rotor response is determined by the shooting method and the stability of these solutions
is examined by using the Floquet theorem. Numerical examples are given for both symmetric
ðKx ¼ KyÞ and asymmetry ðKx–KyÞ centralizing springs in x or y direction. Jump phenomenon
and subharmonic and quasi-periodic vibrations are predicted for a range of design and operating
parameters such as the unbalancing (U), gravity (W), bearing (B) and spring (K). The results show
that increasing the spring stiffness asymmetry parameter in y direction has no influence on the nat-
ure of system response and occurrence of bifurcation. But, examining the effect of increase in stiff-
ness parameter in x direction leads to occurrence instability and period-doubling bifurcation in
response to the system. Our findings show that this phenomena are due to the weight force in
the y direction. Finally, it is shown that the unsymmetrical stiffness of squeeze film dampers in
the presence of cavitation promoting the chance of undesirable nonsynchronous vibrations.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Today, several researchers have extensively focused on the
design of rotating machines to enhance the performance and
stability of these instruments in the various industries and sys-
tems. They also improve rotating machines to provide morespace for other components of rotor such as disks, impellers,
and blades. Among the various elements of the rotating
machine, the shaft of rotors plays a crucial role to achieve a
higher level of rotational energy and increase the power gener-
ation. In addition, this equipment is a key element of future
high speed rotating machines. Hence, extensive efforts are
done to decrease unwanted vibrations. Increasing the damping
of the system is considered as one of the most common solu-
tions for the reduction in unwanted vibrations of the rotor.
Since this type of bearings has a low inherent damping, they
are considered for rotating equipments that use rolling element
bearings (such as gas turbines of aircrafts). The squeeze film
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additional external damping for rotating equipments. In its
simplest form, the squeeze film damper consists of an oil-
filled annular cavity surrounding the outer race of a rolling ele-
ment bearing. The outer race of the bearing, which acts as the
journal of dampers, is prevented from rotating, but it is
allowed to describe whirl motion around its equilibrium posi-
tion. There are two types of configurations for the use of
squeeze film dampers in rotating equipments: dampers with
centralizing springs and those without centralizing springs.
In the case of damper without centering spring, the journal
that lies at the bottom of the clearance circle, is lifted when suf-
ficient lift force is generated. In the case of damper with cen-
tralizing spring, the journal is constrained in the center of
damper by a centralizing spring. The typical installation of
both configurations is illustrated in Fig. 1. Successful use of
squeeze film damper in attenuating unwanted vibrations at
critical speeds is demonstrated by Kanki et al. [1] and Leader
et al. [2]. Despite the positive role of squeeze film damper in the
controlling of system vibrations, the response of rotor can pre-
sent dramatic changes with parameters, even loss stability and
give rise to devastation due to the strong nonlinearity of fluid
film forces. The main reason for this nonlinear behavior is the
interaction between the rotor unbalance force and the oil film
force especially when the cavitation is present in the system.
The importance of the system analysis in the case of cavitation
is mainly for damping capacity reduction due to lower effective
volume of lubricant. In addition, this work develops cross cou-
pling forces in the system. Because of the nonlinear relation
between cross coupling forces in fluid film and amplitude of
system response, reducing the damping of the system by the
cavitation eventually leads to occurrence of nonlinear behav-
iors such as nonsynchronous vibrations, jump phenomena
and chaotic motion.
The modeling of the oil film in squeeze film dampers in the
presence of cavitation is always one of the challenging problems
for researchers. Many researchers [3–5] used the Reynolds
equation to calculate the term of pressure distribution within
the damper. The integration of the pressure distribution definesFigure 1 Two types of configuration for the use of squeeze film damp
and (b) damper with centralizing spring.the oil film force in squeeze film damper. Although the compo-
nents of the oil film obtained by this method are reasonably
accurate, there are some deficiencies and complexities of the
problem. Therefore, searching for efficient ways is persisted
to enhance the modeling of the oil film forces.
In this regard, some researchers tried to find a linear stiff-
ness and damping components individually for squeezing film
dampers. For example, some scientists [6–8] suggested that the
components of stiffness and damping of squeeze film dampers
are obtained by stiffness and damping components of the jour-
nal bearings while using zero angular velocity. Holmes [6]
observed that for the zero angular velocity, squeeze film dam-
pers also have the ability to withstand dynamic load seven in
the absence of centralizing spring. Other researchers [7,8] try
to find a separate statement stiffness and damping for squeeze
film dampers through various methods. Burrows et al. [9]
simultaneously used the least squares method and the
Reynolds equation to extract the stiffness and damping com-
ponents for squeeze film dampers in the presence of cavita-
tions. They carefully compared the results with nonlinear
model derived from the Reynolds equation for different cir-
cumstances. This comparison showed that the results would
be acceptable only at low rotational speeds and rotor
misalignment.
Theoretical and experimental researches in the field of ethol-
ogy of rotor-bearing systems with squeeze film dampers indi-
cate that one of the most serious problems in the system is
the asynchronous responses and chaotic motion. Chu and
Holmes [10] studied the role of squeeze film dampers in control-
ling vibration and instability of a small centrifugal pump. The
theoretical and experimental results showed that dampers play
a key role in delaying the occurrence of instability and stabiliz-
ing the rotor response after first instability and crossing the first
critical speed. Taylor and Kumar [11] studied the steady
response of a rigid rotor with squeeze film damper regardless
of cavitation and assuming a circular path to the journal. They
showed that the system does not present significant nonlinear
behavior. Mohan and Hahn [12] confirmed that jump phe-
nomenon occurs in the system response when rotor unbalanceers in rotating equipments: (a) damper without centralizing spring
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cation of a rigid rotor response by using of Floquet method.
The results showed that the stability of the system response lost
and quasi-periodic and subharmonic motions bifurcated when
large amounts of unbalance forces are presented. Inayat-
Hussain et al. [14] studied the nonlinear response of the rigid
rotor with squeeze film damper in the absence of both central-
izing spring and rolling element bearings excitation. The system
of non-autonomous equations becomes autonomous by adding
a nonlinear oscillator term. Then, the stability and bifurcation
of the system response are analyzed with a variation of in
unbalance parameters (U), gravity parameter (W) and bearing
parameter (B) by using both continuation method and com-
puter software AUTO. In another study, Hussain et al. exam-
ined rigid rotor system with both squeeze film damper and
the centralizing spring. In this model, the stiffness parameter
(S) is added to the previous parameters. Kane et al. investigated
the stability and bifurcation of the flexible rotor response on a
flexible pedestal with floquet theory. Their study focused on the
effect of rotating speed on the response of SFD damper sup-
ported by elastic foundation. In addition, they show that the
support stiffness has a large influence on the response of bear-
ings and film force in SFD. Hence, large support stiffness can
lead to oil whirl in SFD. Zhou et al. [15] studied the nonlinear
dynamic response of a rotor with ball bearing and squeeze film
damper with floating ring. They performed theoretical and
experimental studies to discern the interaction between the
rotor, ball bearing and squeeze film damper with floating ring.
They also studied nonlinear Hertzian contact forces between
the balls and the bearing body. The results of numerical analy-
sis showed that the squeeze film damper with floating ring pre-
vents instability and non-synchronous response in the system.
In addition, it performs better than squeeze film dampers in
similar circumstances, and this issue has been confirmed by
experimental results.
In this paper, the stability and bifurcation analysis of the
rigid rotor on squeeze film damper with centralizing spring.
The occurrence of the cavitation in fluid film has been studied
by using the floquet transition matrix method. Unlike previous
studies, in which the centralizing spring stiffness is considered
symmetrical, the present work focuses on the effects of asym-
metry in the stiffness of centralizing spring in two directions x
and y.2. Formulation of equation of motion
2.1. Modeling of fluid film of squeeze film damper
Oil film forces are a key factor in the modeling of the fluid film
of squeeze film dampers. Components of the oil film forces in
squeeze film damper can be obtained by integrating the pres-
sure distribution over the inner surface of the damper. The
damper pressure distribution is derived through Reynolds
equation by following simple assumptions:
1. The oil film thickness is small compared to the
radius of the journal. So, the curvature of the oil film is
negligible.
2. The pressure gradient along the oil film thickness (in a
radial direction) is small, and it is ignored.3. The velocity gradient along the oil film thickness (in a radial
direction) is small, and it is ignored. In fact, the lubricant
fluid flow is a two-dimensional.
4. Since the lubricant fluid flow is steady, the internal forces
acting on the fluid elements are ignored.
5. The volume forces acting on the particles of fluid are
neglected.
6. It is assumed that the lubricant fluid flow is laminar.
As mentioned, the pressure distribution of a short damper
with cavitation (p-film model) is derived from the Reynolds
equation. This distribution in a rotating coordinate system is
as follows [1,14]:
Pðh; zÞ ¼ 6l
c2
z2  L
2
4
 
e _/ sin hþ _e cos h
ð1þ e cos hÞ3 ð1Þ
where L is damper length, c is radial clearance of damper, z is
axis coordinate of the damper, l is the dynamic viscosity of
lubricant, and e and _e, represent the displacement and velocity
in radial direction, respectively. In addition, _/ represents the
angular velocity, and h is angular coordinate measured from
the location of maximum thickness of the oil film in the direc-
tion of the angular velocity of the rotor damper. Components
of the oil film forces in polar coordinates can be integrated
from the pressure distribution at all inner faces of the damper
and calculated as a function of e, _e and _/ expressed in follow-
ing equations [1,14]:
Fr ¼  lRL
3
c2
½I1 _eþ I2e _/ ð2Þ
Ft ¼  lRL
3
c2
½I2 _eþ I3e _/ ð3Þ
where [1,14]
I1 ¼
Z h1þp
h1
cos2 h
ð1þ cos hÞ3 dh ð4Þ
I2 ¼
Z h1þp
h1
sin h cos h
ð1þ cos hÞ3 dh ð5Þ
I3 ¼
Z h1þp
h1
sin2 h
ð1þ cos hÞ3 dh ð6Þ
h1 ¼ tan1 _e
e _/
 
ð7Þ
h1 represents the angular position of the positive pressure area
from the h. I1, I2 and I3 can be calculated through following
analytical relations [1]:
I1 ¼  e sin h1ð3þ ð2 5e
2Þ cos2 h1Þ
ð1 e2Þ2ð1 e2 cos2 h1Þ2
þ að1þ 2e
2Þ
ð1 e2Þ2:5
 !
ð8Þ
I2 ¼ ð2ecos
3 h1Þ
ð1 e2 cos2 h1Þ2
ð9Þ
I3 ¼  e sin h1ð1 2 cos
2 h1 þ e2 cos2 h1Þ
ð1 e2Þð1 e2 cos2 h1Þ2
þ að1 e2Þ1:5
 !
ð10Þ
a ¼ p
2
 tan1 e sin h1ð1 e2Þ0:5
 !
ð11Þ
To extract the differential equations that govern the system, we
need the components of the oil film in the Cartesian coordi-
3324 H. Heidari, M. Ashkoohnates. These components can be easily transferred to cartesian
coordinates by using the following equations [1,14]:
FDX ¼ Fr cos / Ft sin / ð12Þ
FDY ¼ Fr sin /þ Ft cos / ð13Þ2.2. Modeling of rotor-bearing system
Fig. 2 illustrates the schematic of the rigid rotor system with
squeeze film damper. The Rotor (with mass 2 m) is placed
on two quite similar ball bearings coupled with two similar
squeeze film dampers. Each damper has a centralizing spring.
Despite all the analyses that have been done in the field of a
rotor system with squeeze film damper, this work presents
spring stiffness of the squeeze film damper with different values
in two directions (x, y) and obtains kx; ky. The Pure static
unbalance is demonstrated by the eccentricity of the rotor
ðuÞ. This factor is related to the distance of mass center of
the rotor ðGÞ and is measured by the geometric center of rota-
tion. In the case of rigid rotor, the geometric centers of rota-
tion and journal ðCJÞ are the same. Fig. 3 illustrates symbols
and coordinate system. To obtain the governing equation ofFigure 2 Schematic of rigid rotor system with squeeze film
damper.
Figure 3 Coordinate systems used to find the equation of motion
(Ref. [13]).the rigid rotor system with both squeeze film damper and cen-
tralizing spring, the following assumptions are considered:
1. The gyroscopic effect is neglected.
2. Displacement of the rotor in the axial direction is neglected.
3. The centralizing spring is considered as linear spring.
4. Excitation forces of the ball bearings are neglected.
The governing equation of the system is obtained in coordi-
nate (x, y) due to the displacement of the geometric center of
the journal in the bearing housing. According to external
forces of the oil film, gravity and unbalance force, governing
equations of the journal motion are as follows:
m€x ¼ FDX  Kxxþmux2 cosxt ð14Þ
m€y ¼ FDY  Kyymgþmux2 sinxt ð15Þ
By implement the sets of Eqs. (2) and (3) in Eqs. (12) and (13)
and put the result in Eqs. (14) and (15), the differential govern-
ing equations of the system are achieved. Therefore, dimen-
sionless differential equations governing the rigid rotor
system with squeeze film damper and asymmetric centralizing
spring will be as follows:
X00 ¼ B X
e
½I1e0 þ I2e/0  Ye ½I2e
0 þ I3e/0
 
 K2xXþU cos s ð16Þ
Y00 ¼ B Y
e
½I1e0 þ I2e/0 þ Xe ½I2e
0 þ I3e/0
 
 K2yYWþU sin s ð17Þ
where
B ¼ lRL
3
mxc3
; Kx ¼ xnxx ; Ky ¼
xny
x
; U ¼ u
c
; W ¼ g
x2c
B, U, W, Kx and Ky are dimensionless parameters of the
system.
3. Computation of Floquet multiplier
As the governing equation of the present system is a nonlinear
nonautonomous ordinary differential equation (ODE) with
periodic coefficients, Floquet Theory is an effective method
to exam the stability and bifurcation of the system. According
to the Floquet theory, the corresponding solution is stable
when Floquet Multipliers (FM) lies in the unit circle. Since
one FM passes through the unit circle, the solution will loss
stability and exhibit bifurcation. Hence, there exist different
scenarios: (1) period doubling bifurcation will occur when
the FM passes through the unit circle at (1, 0): (2) saddle-
node bifurcation will occur when the FM passes through the
unit circle at (+1, 0) and (3) Hopf bifurcation will occur when
the FM is a pair of conjugate complex numbers, whose mod-
ulus is 1.
For nonlinear ODE of the rotor, it can be expressed as fol-
lows [16]:
_x ¼ fðx; tÞ; x 2 Rn ð18Þ
It is assumed that x ¼ uðtÞ as is a solution of the system. Then,
the corresponding perturbation equation can be written as fol-
lows [16]:
d _u ¼ AðuðtÞ; tÞdu ð19Þ
where A is Jacobian matrix, and this relation
(Aðtþ TÞ ¼ UðtÞ  B) shows that the matrix A is periodic. In
Stability and bifurcation of rigid rotor response 3325Floquet Theory, it is supposed that UðtÞ is the basic solution
matrix of the perturbation equation, and there exists a con-
stant matrix B, which satisfies Uðtþ TÞ ¼ UðtÞ  B. In this the-
ory, B is called Floquet Monodromy matrix, and its
eigenvalues are equivalent to FMs. So, the eigenvalues of
matrix B can be used to determine the stability of solutions.
However, calculating Monodromy matrix is difficult, and there
is no effective analytical method to resolve this matrix. So,
numerical methods are used to calculate the Monodromy
matrix. Among various numerical methods, the shooting
method presents precise results. The main advantage of shoot-
ing method is substituting boundary value problem with equiv-
alent initial value problem. In this method, x(t) is assumed as a
periodic solution for Eq. (4 8). Then, x(0) = g is the system ini-
tial conditions and x(t, g) represents the system response for
the initial condition g. Thus, x(t) is a response of Eq. (18) with
period T [16]:
xðT; gÞ ¼ g ð20ÞFigure 4 Jump phenomenon for U= 0.301. (a) ReIndeed, results of periodic solution are equivalent to obtain T
and g in away that Eq. (20) be satisfied. The main strategy of
solving this problem is to convert a boundary value problem to
an initial value problem by using the shooting method and find
the initial condition (x(0) = g) and solution function (x(t, g)).
Eqs. (18) and (20) represent the two-point boundary value
problem, and a response of the system is the corresponding
periodic solution of the system. The response is started at ini-
tial value g and its value at t= 0 and t= T is the same. In
order to find unknown quantity g, the starting point is initial
assumed g0. Since this initial guess must approach to real
value, the Newton–Raphson method is applied to modify g0
as follows [16]:
dg ¼ g g0 ð21Þ
If the guess is correct, the following equation must be estab-
lished with acceptable tolerance [16]:
xðT; g0 þ dgÞ  ðg0 þ dgÞ  0 ð22Þsult for Ref. [13] and (b) result for present work.
Figure 5 Bifurcation diagram of the rotor for the values
B= 0.015, W= 0.05 and K= 0.3 (Fig. 9 Ref. [13]).
Figure 6 Effect of increasing of dimensionless stiffness param-
eter, Ky for U= 0.25 and Kx; = 0.3.
Figure 7 Effect of increasing of dimensionless stiffness param-
eter, Kx for U= 0.25 and Ky; = 0.3.
Figure 8 Effect of increasing of dimensionless stiffness param-
eter, Ky for U= 0.29 and Kx; = 0.3.
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follows [16]:
@x
@g
ðT; g0Þ  I
 
dg ¼ g0  xðT; g0Þ ð23Þ
In the previous equations, this term @x
@g ðT; g0Þ in the matrix
should be determined. Next, Eq. (23) and initial condition
(xð0Þ ¼ g) are differentiated as follows [16]:d
dt
@x
@g
 
¼ DxFðx;MÞ @x
@g
ð24Þ
@x
@g
ð0Þ ¼ 1 ð25Þ
Thus, we can solve the linear initial-value problem in the form
of Eqs. (18) and (24) in 0 6 t 6 T and thereby obtain xðT; g0Þ
and @x
@g ðT; g0Þ simultaneously. Moreover, according to the Flo-
quet theory, the matrix @x
@g ðT; g0Þ is the Monodromy matrix and
its eigenvalues are Floquet Multipliers.
Figure 10 Jump phenomenon fo
Figure 9 Effect of increasing of the dimensionless stiffness
parameter, Kx for U= 0.29 and Ky = 0.3.
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The dynamic response of the squeeze-film damper supported
rotor is essentially governed by the four main parameters (B,
Kx;Ky, W and U). In the absence of asymmetry in the system,
bearing damping parameters, weight and spring stiffness in the
x and y directions are initially considered 0.015, 0.05 and 3.0,
respectively. Fig. 4 shows that the results present a good agree-
ment with other works [13].
In the next step, the rotor responses are studied at points b
(period doubling bifurcation) and point c (saddle node bifurca-
tion) of Fig. 5 when the centralizing spring stiffness parameter
is asymmetry. The effect of asymmetry on rotor response is
investigated in the two following conditions:
1. Far from the bifurcation points.
2. In the vicinity of the bifurcation points.
According to Fig. 5, period-doubling bifurcation occurred
at point b for U= 0.269 in the system response. In the present
work, effect of the asymmetry on the system response is inves-
tigated for U= 0.25 and stiffness values Kx = 0.3 andr Ky = 0.344 and U= 0.29.
3328 H. Heidari, M. AshkoohKy = 0.3, 0.4, 0.5, 0.6, 0.7. Fig. 6 shows that system response
amplitude will increase and any instability and bifurcation do
not occur When the asymmetry of spring stiffness is increasedFigure 11 Effect of increasing of dimensionless stiffness param-
eter, Kx for U= 0.29 and Ky = 0.3.
Figure 12 Journal center orbit and Poincare map for Ky = 0.3 andalong y direction, therefore, the system response will remain
period-1.
The results show that increasing the spring stiffness in the x
direction yields the same increase in the y direction. However,
the amplitude response will increase in the x direction in this
condition (Fig. 7). According to the results of Fig. 5, at point
c of the bifurcation diagram of the system response for
U= 0.301, the stability of the system is lost on the P-2 by
saddle-node bifurcation and the system will jump into the
another period-2 solution on the same path. Fig. 8 illustrates
the effect of increasing in stiffness parameter for U= 0.29,
Kx = 0.3 and Ky = 0.3, 0.4, 0.5, 0.6, 0.7. The results show that
increasing the spring stiffness asymmetry parameter in y direc-
tion has no influence on the characteristics of system response
and the occurrence of the bifurcation. However, the appear-
ance of the system response orbit is varied by increasing the
amplitude in y direction.
In the next step, the effect of increasing Kx is investigated
for the values U= 0.29 and Ky = 0.3. The results show that
increasing Kx up to 0.344 does not change the main response
treatment, but at Kx = 0.344, results show that saddle node
bifurcation and jump phenomenon occur similar at Fig. 5.
The results are presented in Figs. 9 and 10.
Fig. 11 illustrates the effect of increasing the stiffness on
centralizing spring in the vicinity of the bifurcation points.
The results show that the approach of a system response in y
direction differs from it in x direction. The effect of increasing
in asymmetry is examined for with various Ky values
(Ky = 0.3, 0.4, 0.5, 0.6, 0.7) when other parameters are fixed
(U= 0.268 and Kx = 0.3). The figure clearly shows that theU= 0.268 and: (a) Kx = 0.3, (b) Kx = 0.35, and (c) Kx = 0.4.
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instability and bifurcation of system response. However, the
effect of the increasing stiffness parameter in the x direction
is significantly different from the previous. Fig. 12 compares
the system response for Kx = 0.3, 0.35, 0.4 at U= 0.268,
Ky = 0.3. The results shows that the increase in asymmetry
along the x direction leads to instability and period-doubling
bifurcation in the first period of system response.
In this section, the influence and the increment of the asym-
metry in the vicinity of the bifurcation point c (Fig. 5) are inves-
tigated. Fig. 13 illustrates the system response forKy from 0.3 to
0.48 whenU andKx are 0.3. These plots clearly depict the occur-Figure 13 Journal center orbit
Figure 14 Journal center orbitrence of saddle-node bifurcation and jump phenomena the same
as the bifurcation diagram (Fig. 5) for U= 0.301 and
Kx = Ky = 0.3. However, in the following, the system exhibits
entirely different pattern from the bifurcation diagram
(Fig. 5). Fig. 13 shows that increment in asymmetry along the
y direction is equivalent to reduction in unbalance parameter
(U) in the bifurcation diagramofFig. 5.Results of journal center
orbit show that the amplitude of the system response decreases
after the first jump. This trends is preserved until the system
jumps back through a saddle-node bifurcation at Ky values
between 0.36 and 0.38. As Ky is increased further, the system
response exhibits the decrease in amplitude. Thus, systemfor Kx = 0.3 and U= 0.3.
for Ky = 0.3 and U= 0.3.
3330 H. Heidari, M. Ashkoohresponse exhibits saddle-node bifurcation and transforms from
period-2 response to the period-1 at Ky value between 0.46 and
0.48.
The response of the system for U= 0.3, Ky = 0.3, and Kx
values from 3.0 to 0.48 shows the same behavior as the system
bifurcation diagram (Fig. 5) and admits the destabilizing role
of the Kx increment as shown in Fig. 14.
5. Conclusion
The stability and bifurcation of the unbalance response of a
rotor-fluid film bearing system with asymmetry in centralizing
spring have been studied based on the Floquet theorem and
the theory of nonlinear dynamics and bifurcation. This study
presents a further understanding of the nonlinear dynamics
of the flexible rotor-fluid film bearing system with squeeze film
damper. In the case of an unsymmetrical rotor, an unstable
configuration is existed without the external forces as a main
sources of instability.
Our parametric studies show that increasing the spring stiff-
ness asymmetry parameter in y direction has no influence on the
nature of system response and occurrence of bifurcation. But,
examining the effect of increasing in stiffness parameter in x
direction leads to occurrence instability and period-doubling
bifurcation in the response of the system. Indeed, these phe-
nomena occur due to the gravity force in the y direction.
Finally, our findings show that an asymmetrically supported
rotor can produce undesirable nonsynchronous vibrations such
as the subharmonic, and quasi-periodic motion may be excited
by the rotor unbalance. These subharmonic and nonsyn-
chronous vibrations are undesirable, and they limit the maxi-
mum speed at which squeeze film dampers should be used;
otherwise, the introduced cyclic stress will accelerate the fatigue
failure of the rotor.
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